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Tension gradients and Marangoni flows in nematic interfaces

Alejandro D. Rey*
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~Received 10 February 1999!

This brief report~i! presents equations that govern the balance of tangential forces in interfaces between
isotropic viscous fluids and nematic liquid crystals, and~ii ! establishes the physical origin of nematic Ma-
rangoni flows. It is shown that surface gradients in the orientation dependent surface free energy gives rise to
tangential nematic Marangoni forces. Tangential nematic Marangoni forces are caused by surface gradients of
the nematic tensor order parameter, and the kinetic coefficient characterizing this interfacial phenomenon is
proportional to nematic elastic storage. Expressions of the Marangoni forces using a classical constitutive
equation for the surface free energy are given for general and uniaxial nematic ordering states. Nematic
Marangoni flows or nematocapillarity augments the class of Marangoni flows present in electrocapillarity,
diffusocapillarity, and thermocapillarity.@S1063-651X~99!12007-5#

PACS number~s!: 61.30.2v
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Capillary hydrodynamics in isotropic fluids is concern
with fluid flow phenomena in which interfacial tension is
significant effect@1–3#. An important case is flows with spa
tial gradients in the interfacial tension. For example, spa
gradients in the surface tension at the free surface of iso
pic viscous fluids create a surface shear stress that can
be balanced by shear flow in the adjacent surface layers.
general phenomenon@1–3# is known as Marangoni flow, and
the surface tension gradients driving the flow can be cau
by temperature gradients~thermocapillarity flows!, surface
concentration gradients~diffusocapillary flows!, and electric
charges ~electrocapillary flows!. Applications of viscous
flows driven by tangential stress caused by gradients in
face tensions are found in flow in porous media, damping
capillary waves, and cleavage of biological cells, to nam
few.

Nematic liquid crystals@4# are known to have a compo
nent of the surface tension that is dependent on the nem
tensor order parameter@5#. Thus nematic liquid crystals wil
also exhibit surface-tension-driven flow caused by tangen
stresses that appear to be due to tangential surface grad
of the tensor order parameter. The nematic tensor o
parameter-driven Marangoni flow may thus appear only
the presence of weak anchoring, whenever the surface te
order parameter deviates from the easy axis of the surf
As in other Marangoni flows@1–3#, the effect is important
when the gradients in surface tension are comparable to
characteristic kinetic energy density.

Consider the interfacial stress balance equation for an
terphase between an isotropic viscous fluid and a unia
rodlike nematic liquid crystal@4#. The system is isotherma
and both phases are incompressible. The interphase is
sumed to be elastic. Assume that a nematic liquid cry
~NLC! occupies regionR2, and that an isotropic viscou
fluid regionR1. The NLC structure is given by the symme
ric, traceless, 333 tensor order parameterQ, usually @3#
parametrized in terms of its eigenvectors as follows:Q
5S(nn2d/3)1P(mm2 ll )/3, where S(P) is the uniaxial
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~biaxial! scalar order parameter, and~n,m,l! are the orthonor-
mal eigenvectors;n is the director. The orientation of th
interface between the~6! regions is characterized by a un
normal k, directed fromR2 into R1. The interfacial stress
boundary condition at the NLC isotropic viscous fluid inte
face is expressed by@3#

2k•~ t12t2!5“s•tse, ~1a!

tse5FsI s1tsd, ~1b!

wheret6 is the total stress tensor in the two~6! bulk phases,
“s5I s•“ is the surface gradient operator,I s5I2kk is the
surface idem factor,Fs is the interfacial free energy density
tse is the surface elastic stress tensor, andtsd is the surface
distortion stress tensor.

A widely used expression forFs is @5–7#

Fs~Q,k,N!5Fs~0!1b11k•N1b20Q•Q1b21N•N

1b22~k•N!2, ~2a!

N5Q•n, ~2b!

whereFs(0) is the usual isotropic part,$b i j %, i j 511, 20, 21,
and 22 are phenomenological parameters~energy and area!;
and where theQ dependent terms arise whenever the surf
tensor order parameter deviates from the easy surface te
order parameterQ0; whereQ0 minimizesFs . The constant
b11 represents the effects due to the van de Waals inte
tions between the nematic and the isotropic phases. The
axis for the director may be planar, homeotropic, or tilte
according to the signs and magnitudes of the$b i j %; i j 511,
20, 21, and 22@6#.

Using the principle of virtual work, as done by de Genn
for the bulk Ericksen stresses@4#, we find that the surface
elastic stress tensor is given by

tse5FsI s1tsd5FsI s2I s•
]Fs

]N
•Qk2I s•

]Fs

]k
k. ~3!
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In component form the surface elastic stress tensortse is
given by the sum of the normal stresses (t11

se ,t22
se) and bend-

ing stresses (t13
se ,t23

se):

tse5 i1i1t11
se1 i2i2t22

se1 i1kt13
se1 i2kt23

se , ~4!

where (i1 ,i2) are the surface orthonormal basis vectors. T
surface elastic stress tensortse is a 233 tensor. The magni-
tudes of the normal stresses are given by

t11
se5t22

se5Fs~Q,k,N!, ~5!

and those of the bending stresses by

t13
se52F i1•

]Fs

]N
•Q1 i1•

]Fs

]k G , ~6a!

t23
se52F i2•

]Fs

]N
•Q1 i2•

]Fs

]k G . ~6b!

As usual@3#, surface gradients of normal stresses (t11
se ,t22

se)
generate tangential forces:fi5(“sFs)•I s . In nematic inter-
e

faces the surface gradients of the interfacial tension m
arise due to surface gradients of the tensor order param
On the other hand, surface gradients in the bending stre
generate normal forces in addition to those arising from
usual curvature effects, i.e.,Fs“s•I s . These additional nor-
mal forcesf' arise from surface gradients of the distortio
stress tensor:f'5“s•tsd.

The tangential force balance equations involves gradie
in the surface free energy density, and is obtained by proj
ing Eq. ~1! along the tangent direction:

2k•~ t12t2!•I s5“s•tse
•I s5fi , ~7!

where fi is the tangential Marangoni force due to surfa
gradients in the tensor order parameter. The Marangoni fo
is the driving force for surface flows@1–3#. Under isothermal
conditions, in the absence of electromagnetic fields and c
centration gradients, gradients the surface free energy
arise due to gradients in the nematic tensor order param
giving rise to the nematic Marangoni force
oni
d high

rgy

t
s

g

fi5H FdFs~k,N,Q!

dQ G @s#

:~“sQ!TJ •I s5H S ]Fs

]N
k1

]Fs

]Q D @s#

:~“sQ!TJ •I s , ~8!

where the superscript@s# denotes symmetric and traceless. The driving force forfi is (“sQ), and the kinetic coefficient is
given by the gradient of the surface free energy with respect toQ. Thus the nematic Marangoni force, like the other Marang
forces such as in electrocapillarity, diffusocapillarity, and thermocapillarity, is directed from low energy regions towar
energy regions@1–3#. Using the constitutive equation~2!, we obtain

fi5$@~b1112b22k•N!kk12b20Q12b21N•k#@s#:~“sQ!T%•I s , ~9!

which gives the general phenomenological equation for the nematic Marangoni force.
Next we present the phenomenology predicted by Eq.~9! whenQ is uniaxial:Q5S(nn2d/3). In this casefi simplifies to

fi5F]Fs

]S
“sS1

]Fs

]n•k
k•~“sn!TG•I s . ~10!

Consider a planar interface with unit normalk5 ẑ, rectangular geometry~x,y,z!, and a planar director field,n(x,y)
5(sinu,0,cosu), wheren•k5cosu. For a planar director fieldfi is given by the general expression

fi5
]Fs

]S
“sS1

]Fs

]u
“su5Fb11~cos2 u21/3!1 4

3 b20S1
2

3
b21S~cos2 u11/3!12b22~cos2 u21/3!2G“sS ~11a!

2F2b11S1
2

3
b21S

214b22S
2~cos2 u21/3!Gcosu sinu“su. ~11b!

Equation~11a! clearly shows that, as noted above,fi is directed away from low energy regions and toward high ene
regions, as in gradient flows. Minimum energy regions are those corresponding to the three equilibrium points$u i ,Si , where
i is planar, homeotropic, and tilted% of Fs in the uniaxial case, whose values were given in Ref.@3#. Thus the coefficient tha
governs the magnitude of the Marangoni forcefi is a function of the deviation of$S,u% from its equilibrium value or easy axi
$u i ,Si%.

As a representative case of interfacial conditions, let the director be fixed (“sn50) andSvariable (“sSÞ0). As mentioned
above there are three possible stable preferred director orientations@6#: ~i! planar~P! u5p/2; ~ii ! homeotropic~H! u50; and
~iii ! tilted ~T! 0,u,p/2, according to the signs and magnitudes of the coefficients$b i j %; i j 511, 20, 21, and 22, appearin
in Eq. ~2!. The three tangential forcesf i

i ; i 5P, H, andT are

fi
P5F2

b11

3
1

4

3
b20S1

2

9
S~b211b22!G“sS, ~12a!
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fi
H5F2

3
b111

4

3
b20S1

8

9
S~b211b22!G“sS, ~12b!

fi
T5Fb11~cos2 u21/3!1

4

3
b20S1

2

3
b21S~cos2 u11/3!12b22~cos2 u21/3!2G“sS, ~12c!

cos2 u52S 114
b20

b21
D . ~12d!
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Given the nature of the nematic Marangoni force, a sm
fluctuation ofSaround its equilibrium value of wavelengthl
gives rise to a fluctuation infi of wavelengthl/2, and a
symmetric pulse~singlet! in Sgives rise to an antisymmetri
doublet. Other, more complex, cases involving nonlineari
and n-S couplings, as well considerations of the bu
stresses, can be analyzed with the framework presente
this Brief Report.

To give some more physical insights and suggest so
experiments it is useful to compare the Marangoni force
to an interfacial temperature gradients in the nematic ph
fi
N and in the isotropic phasef i

is :

fi
N5F]Fs

]T
“sTG•I s , ~13a!

f i
is5F]Fs~0!

]T
“sTG•I s . ~13b!

The Marangoni force in the isotropic phasefi
is is the well-

characterized thermocapillarity force.]Fs(0)/]T is always
negative, almost linear, and typically of the order of20.1
mN m21 K21 @2#. On the other hand, for well characterize
low-molar-mass nematic liquid crystals, such asPAA and
p-anisaldazine,]Fs /]T shows the following features as
function of the temperatureT @8#:

T,Tm ,
]Fs

]T
[F]Fs

]T G,0,

T5Tm ,
]Fs

]T
[F]Fs

]T G0

50,

T.Tm ,
]Fs

]T
[F]Fs

]T G1

.0.

The data show that the magnitude of@]Fs /]T#2 is of the
same order as]Fs(0)/]T, but smaller than@]Fs /]T#1.
Thus whenT,Tm the Marangoni force in the nematic pha
is similar to the isotropic case, whenT5Tm it vanishes, and
whenT.Tm it is larger and in the reverse direction than t
ll

s

in

e
e
se

isotropic case. We can spatially impress these three regi
onto a surface by introducing a temperature field that enc
passes the three responses. The presence of a
dimensional temperature field,T5T(x) say, that includesTm
will give rise to a surface source line atx5xm at which the
Marangoni force is zero because the surface tension
minimum. To the left and right the flow is away fromxm .
Finally we use the present model to estimate the magnit
of fi

N/f i
is , or equivalently (]Fs /]T)/„]Fs(0)/]T…, for the

planar case in the absence of orientation gradients, whenSat
the surface and at the bulk at equal. The temperature de
dence is assumed asS(T)5D@(T02T)/T0#1/2, whereD is a
constant andT0 is few degrees aboveT* @7#. Replacing for
S(T) in Eq. ~12a!, we find that

]Fs

]T Y ]Fs~0!

]T
5

b11S

6~T02T!~]Fs~0!/]T!
1¯ . ~14!

Using the b115102321 mN m21 @9#, ]Fs(0)/]T5
20.1 mN m21 K21, we find that to first order the range o
(]Fs /]T)/(]Fs(0)/]T) is from 21.6631023S/(T02T) to
21.66S/(T02T), where the minus sign indicates that th
Marangoni force from the anchoring energy acts in an op
site direction to the isotropic contribution, as observed
perimentally.

In summary, as in all fluids, the interfacial stress balan
equation involves the surface divergence of the surface st
tensor. The presence of anisotropic elastic storage du
weak anchoring conditions gives rise to bending stresses
addition to the normal stresses. Surface gradients of the
mal stresses generate tangential forces. The tangential fo
are similar to those generated by surface tension gradi
caused by thermal gradients, concentration gradients,
electric charge gradients. The nematic Marangoni forces
are the driving forces for surface flows are caused by surf
gradients of the component of the interfacial free energy t
depends on the nematic order parameter.
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